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1. INTRODUCTION
The most general formulation of phenomenologial models of magnets (or spin sys-
tems) whih inludes all the known ompletely integrable ones, has the following form:
St = F0(x, y,S,Sx,Sy,Sxx,Syy,Sxy,J, u, ux, uy, uxy, α
2),
(1.1)
uxx + α
2uyy = R0(S,Sx,Sy),
where S = S(x, y, t) is the magnetization vetor, F0(, ) is a vetor-funtion, u = u(x, y)
is an auxiliary eld, R0(, ) is a salar funtion, J is a set of onstants haraterizing the
magnet, and α2 = ±1.
The funtion F0 usually takes the form:
F0 = S ∧ δFeff
δS
+ F1, (1.2)
where Feff is the funtional of the rystal's free energy (throughout the paper the symbol
δ/δ stands for the variational derivative). The rst term in the right hand side was
suggested by Landau and Lifshits [1℄ to desribe the exhange interations.
The representation (1.1)-(1.2) is often inonvenient for solving problems. One would
like to deal with more tratable forms of the equations (1.1), whih, in turn, requires
introdution of new dependent variables. Apparently, suh a variable, the stereographi
projetion, has been used for the rst time in paper [2℄ to desribe the instanton solutions
in the two-dimensional O(3) σ-model (the 2D stationary Heisenberg ferromagnet). Later
it was exploited in various situations, see, e. g. [3-5℄.
In the present paper we show on examples of three models - the deformed Heisen-
berg, the Landau - Lifshits, and the Ishimori magnets - that it is helpful to introdue
the orresponding anonial variables. In partiular, they allow to simplify signiantly
ertain alulations, as ompared to the usage of the S variable, and, more substantially,
to larify a set of questions important both from physial and mathematial viewpoints.
Another argument in their favor is that in these variables the models t in a lass of
models admitting a dierential-geometri interpretation intensively studied reently [6℄.
The model of deformed Heisenberg magnet was suggested in [7℄ where also an exat
solution of it for the ase of trivial bakground was obtained by the inverse sattering
method, and the onservation laws were alulated. In doing so, it was shown that
1
perturbations loalized in the spae are spreaded, that is, the solutions are instable. The
gauge equivalene of this model and the nonlinear Shrodinger equation with an integral
nonlinearity was established in [8℄ and [9℄. The matrix Darboux transform method was
applied in the paper [10℄, where exat solutions of the model where alulated on the
bakground of new spiral-logarithmi strutures.
The Landau - Lifshits equation is a subjet of vast studies. In partiular, the Lax rep-
resentation and onservation laws for it in the ompletely anisotropi ase have rst been
obtained in [11℄, soliton solutions were found by the dressing method in [12℄. Hamilton
aspets of the equation were analyzed in detail in reent paper [13℄.
The Ishimori magnet was also onsidered in many papers. In partiular, series of
exat solutions were obtained in [14℄ by the inverse sattering and ∂¯ - dressing methods,
the Darboux transform was applied to it in [15℄ and [16℄ (in [16℄ - on the bakground of
spiral strutures). Notie also the important paper [5℄, where the gauge equivalene of
the Ishimori-II and Davy-Stewartson-II models was established.
The struture of this paper is as follows. In setion 2 we onsider the deformed Heisen-
berg magnet model, dene the anonial variables and analyze stability of the solutions.
In setion 3 the Landau - Lifshits equation is obtained in terms of the stereographi
projetion and a stationary version of this equation is studied. Finally, in setion 4 we
dene two pairs of anonial variables for the Ishimori model, re-write the model and the
Hamiltonian in these variables, and alulate the Hamiltonian on some of the simplest
known solutions. This is preeded by a disussion of the physial interpretation of the
model. The Appendix ontains a Lax pair for an "extended" system of the deformed
Heisenberg magnet model.
2. DEFORMED HEISENBERG MAGNET EQUATION
a). Canonial variables.
Let us onsider the deformed Heisenberg magnet equation [7℄
1
:
St = S ∧ Sxx + 1
x
S ∧ Sx. (2.1)
Here x =
√
x21 + x
2
2 > 0, x1, x2 are the Cartesian oordinates on the plane, S(x, t) =
(S1, S2, S3), |S| = 1.
The phase spae for this equation is generated by initial data (S1, S2, S3) subjet to
the onstraint |S| = 1. The Poisson brakets of the anonial variables Si in the model
satisfy the standard relations:
{Si(x), Sj(y)} = −εijkSk(x)δ(x− y), i, j, k = 1, 2.3, (2.2)
where ǫijk is the fully antisymmetri third rank tensor. For any two funtionals F , G we
then have
{F,G} = −
∫ ∞
0
ǫijkSk
δF
δSi(x)
δG
δSj(x)
dx. (2.3)
1
This equation an be thought of as a ylindrial-symmetri redution of the (2+1)-dimensional non-
integrable Landau - Lifshits equation, St = S ∧ △S. The relation between the latter and the system of
oupled nonlinear Shrodinger equations in the dimension (2+1) has been disussed in detail in [17℄.
2
On taking into aount (2.2)-(2.3), one an represent the equation (2.1) in the following
Hamiltonian form:
St =
1
x
{H,S}, (2.4)
where the Hamiltonian H is given by
H =
1
2
∫ ∞
0
xS2x dx. (2.5)
Let us now dene a new dependent omplex-valued variable,
w(x, t) =
S1 + iS2
1− S3 , (2.6)
whih is, at eah xed moment of time t, the stereographial projetion of the unit sphere
onto the omplex plane, w : S2 → C ∪ {∞}.
In terms of this variable the equation (2.1) an be rewritten as
iwt = wxx − 2 w
2
xw¯
1 + |w|2 +
1
x
wx, (2.7)
and the Poisson brakets orresponding to (2.2) take the form
2
{w(x), w(y)} = {w¯(x), w¯(y)} = 0, {w(x), w¯(y)} = − i
2
(1 + |w|2)2δ(x− y). (2.8)
The braket (2.3) then beomes
{F,G} = − i
2
∫
dx(1 + |w(x)|2)2
[ δF
δw(x)
δG
δw¯(x)
− δF
δw¯(x)
δG
δw(x)
]
, (2.9)
and the evolution of the system will be desribed by the equation
iwt = − 1
2x
(1 + |w|2)2 δH
δw¯(x)
, (2.10)
with the Hamiltonian
H = 2
∫ ∞
0
x
wxw¯x
(1 + |w|2)2 dx. (2.11)
It should be notied that the following "omplex extension" of the system (2.1) is of
interest of its own
3
,
irt = rxx − 2r
2
xs
1 + rs
+
1
x
rx, ist = −sxx + 2s
2
xr
1 + rs
− 1
x
sx. (2.12)
From (2.8) we obtain the Poisson brakets of variables r è s in the form
2
In the derivation of (2.8) we use the relations {S±(x), S±(y)} = 0, {S+(x), S3(y)} = −iS+(x)δ(x −
y), {S+(x), S−(y)} = 2iS3(x)δ(x − y), where S± = S1 ± iS2, and the Leibnits's rule.
3
In absene of the nonlinear omponent the seond equation in (2.12) an be interpreted as the free
Shrodinger equation with an eetive mass. It is evident then that the rst equation an be obtained
from the seond by omplex onjugation.
3
{r(x), s(y)} = −i(1 + rs)2δ(x− y), {r¯(x), s¯(y)} = i(1 + r¯s¯)2δ(x− y). (2.13)
The system (2.12), as well as equation (2.7), is ompletely integrable (see Appendix) and
have a Hamiltonian struture with the Hamiltonian
H =
∫ ∞
0
x
rxsx
(1 + rs)2
dx (2.14)
and the equations of motion
rt =
1
x
{H, r}, st = −1
x
{H, s}, (2.15)
and an be onsidered a model of the system of two oupled deformed Heisenberg's mag-
nets.
The Poisson brakets (2.13) an be found from the expression for sympleti two-form,
Φ = i
∫ ∞
0
[ dr ∧ ds
(1 + rs)2
− dr¯ ∧ ds¯
(1 + r¯s¯)2)
]
dx, Φ = dϕ, (2.16)
where
ϕ = −i
∫ ∞
0
[ ds
s(1 + rs)
− ds¯
s¯(1 + r¯s¯))
]
dx, (2.17)
thus (2.16) and (2.17) agree with the orresponding expressions obtained in [18℄ for the
standard Heisenberg magnet.
Notie also that the equation (2.7) is a bi-Hamiltonian system:
i
(
w
w¯
)
t
= G1
(
δH1
δw
δH1
δw¯
)
= G2
(
δH2
δw
δH2
δw¯
)
, (2.18)
where H1 oinides with H given by (2.11), the seond Hamiltonian H2 reads as
H2 = −i
∫ ∞
0
x
wxw¯ − w¯xw
(1 + |w|2)|w|2 dx, (2.19)
and G1 = G1(w, w¯), G2 = G2(w, w¯) are the so-alled Hamiltonian operators of the form
G1 =
1
x(1 + |w|2)2
(
0 −1
−1 0
)
. (2.20)
An expression for the matrix operator G2 an be obtained from results in paper [19℄
on the standard Heisenberg magnet but is too umbersome to be written here. Let us
just mention that its matrix entries ontain a dierential and an integral operator thus
rendering it non-loal.
The relations (2.18)-(2.20) mean that the reursion operator of the equation (2.7)
under the assumption that det G2 6= 0 is represented in the form
R = G1G
−1
2 . (2.21)
4
Sine (2.7) is a ompletely integrable system, it admits innitely many integrals of motion,
{In}∞n=1 [7℄, in involution, that is, satisfying {Ij , Ik} = 0. In turn, this allows to obtain
hierarhies of the Poisson strutures,
In = RIn−1, (2.22)
and the higher equations of the deformed Heisenberg magnet (j = 0, 1, ...; t0 = t),
iwtj = R
jG2
δH2
δw¯
. (2.23)
b). Stability of ertain solutions of equation (2.7).
The problem of stability of stationary solutions of the equation (2.7) is of interest sine
the equation ontains the independent variable x expliitly. To analyze it, let w = wst+w˜.
On linearizing (2.7), rst on the trivial bakground wst = 0, whih orresponds, in terms
of the magnetization vetor, to the vetor S = (0, 0, 1), we obtain:
iw˜t(x, t) = w˜xx(x, t) +
1
x
w˜x(x, t). (2.24)
Suppose that (x > 0)
w˜(x, 0) = w˜0(x), w˜(0, t) = w˜1(t). (2.25)
Then the equation (2.24) an be solved by the Laplae transformation in the t variable
under the additional assumption that |w˜(x, t)| < Mes0t with an M > 0 and s0 ≥ 0.
Solving the arising equation and performing the inverse transformation we nd:
w¯(x, t) =
1
2πi
∫ a+i∞
a−i∞
ep t[C0(x, p))J0(
√
−ip x)] dp, (2.26)
where J0(.) is the Bessel funtion,
C0(x, p) = −i
∫ x
0
e−
R x
0
Q(ξ) dξ [
∫ x
0
w˜0(y)
J0(
√−ip y) e
R y
0
Q(s) ds dy ] dx, (2.27)
Q(x) = −2
√
−ip (ln J0(
√
−ip x))x + 1
x
,
Re a > 0, the path of integration is any straight line Re p = a > s0 > 0, and the integral
in (2.26) is understood in the sense of the prinipal value. It is not diult to see that the
logarithmi divergenies arising in the exponentials when integrating at the lower limit in
(2.28), anel eah other.
It follows from (2.26) that for a xed x the funtion |w˜(x, t)| grows with the t inrease,
and, as in [7℄, we obtain that the solution is unstable
4
: an arbitrary loalized initial
perturbation of the system an grow indenitely as the time passes.
We now proeed to analyze stability of the stationary state wst = ie
iθ(x)
where θ(x) =
ln(x) + θ0, θ0 ∈ R is a onstant. This solution is an example of a spiral-logarithmi
4
Of ourse, the stability of that linearized "non-autonomous" equation is meant.
5
struture found in [10℄: S = (sin θ, cos θ, 0) 5. On linearizing the equation (2.26) on this
bakground, we have,
iw˜t(x, t) = w˜xx(x, t) +
1
x
w˜x − ie
−iθ(x)
x2
. (2.29)
This equation only diers from (2.24) by the presene of a non-homogeneous term. Hene,
its general solution is a sum of (2.26) and a partial solution. It follows that it will be
unstable as well.
Notie then, that the equation (2.7) admits a solution periodi in t of the form w(x, t) =
W (x)eikt with k a real onstant, provided that the equation6
Wxx − 2W
2
xW¯
1 + |W |2 +
1
x
Wx + kW = 0 (2.30)
has a solution. This suggests that the study of the linearized stability is insuient.
The analysis of the nonlinear stability requires more subtle methods [see, e. g. [20℄ and
literature ited therein℄.
3. LANDAU-LIFSHITS MAGNET
a). Canonial variables.
The fully anisotropi model of Landau-Lifshits has the form
7
St = S ∧ Sxx + S ∧ JS, (3.1)
where J = diag(J1, J2, J3) are diagonal 3 × 3 matries, and J1, J2, J3 are parameters of
the anisotropy, J1 < J2 < J3.
The Hamiltonian for (3.1) an be written in the form,
H =
1
2
∫ ∞
−∞
(S2x − SJS)dx, (3.2)
or, using the variable w dened in (2.6), as 8
H =
∫ ∞
−∞
(2(|w|2x + α(w2 + w¯2)− γ|w|2)
(1 + |w|2)2 − β
)
dx, (3.3)
where
5
Using (2.11), it is easy to hek that the Hamiltonian logarithmially diverges on this solution in
both limits and, thus, requires a regularization.
6
Removing the nonlinear term we obtain here the stationary Shrodinger equation with the Coulomb
potential and an eetive mass.
7
It is well-known [21℄, that this model is one of the most general ompletely integrable models admitting
2× 2 -matrix Lax representations.
8
We assume here that w is a slowly dereasing funtion. In the ase of a dereasing w one should add
J3 = 4β to the density of the Hamiltonian.
6
α =
J2 − J1
4
, β =
J3
4
, γ = J3 − J1 + J2
2
. (3.4)
Taking into aount (2.9), from this we obtain the following equation of motion for
Landau-Lifshits magnet model
9
,
iwt = i{H,w} = −1
2
(1 + |w|2)2 δH
δw¯
, (3.5)
or
10
iwt = wxx − 2w¯(w
2
x + α)− αw3 − γw
1 + |w|2 − γw. (3.6)
Let us onsider an impliation of this form of the equation. Obvious transformations
lead to the following relation whih ontains the parameter α only,
i(|w|2)t = (wxw¯ − ww¯x)x + 2w
2w¯2x − w¯2wx2
1 + |w|2 + 2α(w
2 − w¯2). (3.7)
Letting w = ρeiϕ, ãäå ρ = ρ(x, t), ϕ = ϕ(x, t), ρ, ϕ ∈ R, we obtain:
(ρ2)t = 2(ρ
2φx)x − 8ρ
3ρxφx
1 + ρ2
+ 4αρ2 sin 2φ. (3.8)
Dening the variables R = ρ2 è Q = 2ρ2φx, we now nd the following "onservation
law":
Rt = Qx − 2Q[ln(1 +R)]x + 4αR sin(
∫ x
−∞
Q
R
) dx. (3.9)
It is espeially simple when α = 0, whih orresponds to the anisotropy of "the easy plan"
type.
In a way similar to (2.18), one an produe a bi-Hamiltonian struture for (3.6) with
H1 equal to H dened by (3.3), the Hamiltonian
H2 =
∫ ∞
−∞
wxw¯ − w¯xw
(1 + |w|2)|w|2 dx, (3.10)
and the Hamiltonian operators
G1 =
1
(1 + |w|2)2
(
0 −1
−1 0
)
(3.11)
and G2 being a matrix integro-dierential operator [22℄. In terms of the variables w è w¯
the reursion operator an be written as follows:
R = G1G
−1
2 . (3.12)
9
Notie that, as well as in the ase of the deformed Heisenberg magnet, we are able to obtain the
orresponding omplex extension (see, [18℄); we are not going to dwell on that here.
10
On taking the omplex onjugated equation and negleting the nonlinear omponent, one an obtain
the nonstationary Shrodinger equation with the potential V = −γ = const.
7
It produes an hierarhy of the Poisson strutures similar to (2.22) and higher Landau-
Lifshits equations similar to (3.5).
b). The Dispersion relation. Stationary Landau-Lifshits equation.
Linearizing the equation omplex onjugate to (3.6) and hoosing w¯ = w¯(x, t) in the
form w¯ ∼ exp{i(kx− ωt)}, we have,
ω = k2 − γ, (3.13)
whih gives a dispersion relation for the Landau-Lifshits equation whih is typial for
magnets with an exhange interation [23℄. In our ase the group and phase veloities are
given by vg = ∂ω/∂k = 2k, vph = ω/k = k−γ/k, respetively (the latter is innite for k =
0), implying that there is a dispersion in the system. The propagation of a magnetization
wave in this model is possible under the ondition k2 > γ = J3 − (J1 + J2)/2 > 0.
Letting w = w(x−µt) = w(ξ) in (3.6) , where µ = const is the veloity of a stationary
prole wave, we obtain the equation
11
wξξ + iµwξ − 2
w¯(w2ξ + α)− αw3 − γw
1 + |w|2 − γw = 0. (3.14)
From this it is not diult to obtain that
(wξw¯ − w¯ξw)ξ + iµ (|w|2)ξ − 2
w2ξw¯
2 − w¯2ξw2
1 + |w|2 + 2α(w
2 − w¯2) = 0. (3.15)
Letting w(ξ) = ρ eiφ, where ρ = ρ(ξ), φ = φ(ξ), ρ ∈ R+, φ ∈ R, we then have:
2(ρ2)ξφξ + 2ρ
2φξξ + µ(ρ
2)ξ − 8ρ
3ρξ φξ
1 + ρ2
+ 4α sin 2φ = 0. (3.16)
Let µ 6= 0. Then, obviously, ρ = const, φ = πn/2, n = 0, ±1, ±2, ±3, satisfy (3.16). For
φ = φ0 = const we obtain, ρ
2 = ρ20 − (4α/µ) sin(2φ0)ξ, where ρ0 = const; ïðè ρ = ρ˜0 =
const (3.16) is redued to the equation of the pendulum: φξξ + (2α/ρ˜0) sin(2φ) = 0 (the
existene of other solutions remains an open problem).
Let now µ = 0, then from (3.16) it follows that
(ρ2)ξ
ρ2
− 4ρρξ
1 + ρ2
= C1, φξξ + C1φξ + 2α sin 2φ = 0, (3.17)
where C1 is arbitrary onstant. The rst of these equations an easily be integrated:
ρ1,2(ξ) =
1
2
(1±
√
1− 4e−2(C1ξ+C2) ) eC1ξ+C2 , (3.18)
where C2 is another arbitrary onstant (we assume that e
−2(C1ξ+C2) < 1/4), and the seond
equation, whih oinides with the one of the pendulum with the frition
12
, admits, in
partiular, solutions of the form φ = πn/2, n = 0,±1, ±2,±3.
Thus, solutions of the stationary Landau - Lifshits equation have fairly non-trivial
struture in the generi (fully anisotropi) ase. Their further study ould bring a solution
11
Stationary equations of another form for the Landau-Lifshits hierarhy were onsidered from the
viewpoint of the Lie-algebrai approah in [24℄.
12
In the partial ase C1 = 0 this equation, an obviously be integrated in terms of the ellipti funtions.
8
to an important problem in the theory of dynamial systems - that of onstrution of the
phase graph for the equations (3.14) and (3.6)
13
. The same applies to the deformed
Heisenberg magnet from the previous setion.
4. ISHIMORI MAGNET
a). Physial and geometrial interpretations.
The Ishimori magnet model in terms of the magnetization vetor has the form:
St = S ∧ (Sxx + α2Syy) + uySx + uxSy, (4.1)
uxx − α2uyy = −2α2S(Sx ∧ Sy), (4.2)
where S(x, y, t) = (S1, S2, S3) is a three dimensional vetor, |S| = 1, u = u(x, y, t) is an
auxiliary salar real-valued eld, and the parameter α2 takes values ±1. The system is
alled the Ishimori-I magnet (MI-I) in the ase α2 = 1, the Ishimori-II magnet (MI-II) in
the ase α2 = −1. Mathematially, eah of these ases orresponds to dierent types of
the equations (4.1) and (4.2).
The topologial harge of the model (4.1)-(4.2),
QT =
1
4π
∫
R2
∫
S(Sx ∧ Sy) dx dy, (4.3)
is invariant under the evolution of the system. Sine the homotopy group of the unit
2-sphere π2(S˜
2) oinides with the group Z of integers, the number QT must be integer.
Aording to (4.3), the salar funtion u = u(x, y, t) is related to the density of the topo-
logial harge prodution. The derivatives ux, uy in (4.1) play role of frition oeients.
Thus, (4.1) an be interpreted as an equation of fored (by the frition power) preession
of the magnetization vetor, and the system (4.1)-(4.2) is self-onsistent.
From the physial viewpoint, it is easy to see that there is a non-loal interation in
this system, on top of a loal (exhange) one. The mehanism of the former is unlear.
Nevertheless, the study of suh systems is justied sine stable loalized two-dimensional
magneti strutures are observed in experiments. An argument in favor of this assertion
is the above-mentioned gauge equivalene of the MI-II model and the DS-II model, whih
desribes quasi-monohromati waves on the uid surfae [5℄, and also a link found in [26℄
between the MI-I model and the nonlinear Shrodinger equation with magneti eld.
Also helpful is another, hydrodynamial, interpretation of the model (4.1)-(4.2). Namely,
let uy = −v1, ux = v2, hene v(x, y) = (v1, v2) is the veloity eld of a uid. Then the
MI model an be rewritten as follows:
St + v1Sx − v2Sy = S ∧ (Sxx + α2Syy),
(4.4)
13
Phase graphs of the equation (3.1) in the ase of partial anisotropy have been studied in [25℄. Phase
graphs in the fully anisotropi ase have apparently not been onsidered yet.
9
v2x + α
2v1y = −2α2S(Sx ∧ Sy).
If we dene the stream funtion of the ow, v1 = −χ1y, v2 = χ1x, then the equation (4.2)
with α2 = −1 (the MI-II model) implies the Poisson equation
χ1xx + χ1yy = 2S(Sx ∧ Sy), (4.5)
that is, the stationary (the time t is a parameter here) vortiity equation with a soure
in the right hand side of the magnitude proportional to the density of the topologial
harge prodution (details on the equation of planar hydrodynamial vortex an be found
in [27℄).
Let F˜ (x, y, t) = 2S(Sx∧Sy). On taking one of the expressions of the form ±e±χ1 , eχ1−
e−2χ1 , ± sinhχ1, ± coshχ1, ± sinχ1, ± cosχ1, for F˜ (x, y, t), we obtain a losed ompletely
integrable equation of ellipti type for the funtion χ1. The solution of an appropriate
boundary-value problem for this equation must satisfy the additional ondition
1
8π
∫
R2
∫
△χ1(x, y)dx dy = N0, N0 ∈ Z, (4.6a)
or (r =
√
x2 + y2)
lim
r→∞
1
8π
∮
(χ1xdy − χ1ydx) = N0. (4.6b)
b). New anonial variables.
Let us now onsider another anonial variables. First, we pass from the variable S to
new variables p è q (p, q ∈ R) in (4.1)-(4.2), setting [28℄:
S3(x, y, t) = p(x, y, t), S+(x, y, t) =
√
1− p2(x, y, t) eiq(x,y,t). (4.7)
Expressions for Poisson brakets of the quantities p è q follow diretly from (2.2), on
taking into aount that the problem is two-dimensional,
{p(r), q(r′)} = δ(r− r′), {p(r), p(r′)} = {q(r), q(r′)} = 0, r = (x, y), (4.8)
and then for the any two funtionals F and G one an obtain:
{F,G} =
∫
R2
∫
[
δF
δp(r)
δG
δq(r)
− δF
δq(r)
δG
δp(r)
] dx dy. (4.9)
In terms of this variables the MI model (4.1)-(4.2) an be rewritten as a Hamiltonian
system,
qt =
δH
δp
= −pxx + α
2pyy
1− p2 −
p (p2x + α
2p2y)
(1− p2)2 − p (q
2
x + α
2q2y) + uyqx + uxqy,
pt = −δH
δq
= (1− p2)(qxx + α2qyy)− 2p (pxqx + α2pyqy) + uypx + uxpy, (4.10)
uxx − α2uyy = −2α2(pyqx − pxqy),
10
and for the topologial harge we will have:
QT =
1
4π
∫
R2
∫
(pyqx − pxqy) dx dy. (4.11)
Here the Hamiltonian H has the form 14 :
H = H1 +H2, H1 =
1
2
∫
R2
∫
[
p2x + α
2p2y
1− p2 + (1− p
2)(q2x + α
2q2y)]dxdy,
(4.12)
H2 =
1
4
∫
R2
∫
[α2A2 +B2] dx dy,
where A = ux, B = −α2uy, so that Ax + By = 2α2(pxqy − pyqx); in this ase it an be
take plae the onditions:
δA
δp
= Cδy(y − y′)δ(x− x′), δB
δp
= Dδ(y − y′)δx(x− x′),
(4.13)
δA
δq
= Eδy(y − y′)δ(x− x′), δB
δq
= Fδ(y − y′)δx(x− x′),
where C, D, E, F are some funtions. Letting D = C, F = E and taking into aount
(4.10), we obtain the following relations on the funtions C = C(x, y, t) and E = E(x, y, t)
(the symbol <,> refers to the salar produt in R2, and T stands for the transposition):
< ∇u, ( 1
2α2
qy + Cy,
1
2α2
qx − Cx)T >= 0,
(4.14)
< ∇u, (− 1
2α2
py + Ey, − 1
2α2
px − Ex)T >= 0,
from this we nd:
C(x, y, t) = C0(u(x, y)) +
1
2α2
∫
s
(uxqy + uyqx)ds,
(4.15)
E(x, y, t) = E0(u(x, y)) +
1
2α2
∫
s
(uxpy + uypx)ds,
where C0, E0 are arbitrary funtionals, and the integration goes along the harateristi
s of the equations (4.14). Assuming that E0 = C0, we see that the funtional C0 must
obey an additional ondition:
14
Paper [29℄ ontains an expression for the Hamiltonian of the so-alled modied MI dierent from
(4.1) by the sign in the last but one term. Thus, the Hamiltonian for the model (4.1)-(4.2) seems to have
been obtained here for the rst time, both in the q, p and w, w¯ variables, the latter being dened below.
Also, in ontrast with the modied model, it is easy to see that it is impossible to dene the Clebsh
variables in our ase.
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δC0
δu
(
δu
δq
− δu
δp
) =
2
α2
uxy. (4.16)
Sine uxy 6= 0 in the generi ase, from this it follows that one more ondition is neessary:
δC0/δu 6= 0 (if, of ourse, at this δu/δq 6= δu/δp).
Now let us pass to the variable w in (4.1)-(4.2), dened in (2.6) (assuming that w =
w(x, y, t)) 15 :
iwt = wxx + α
2wyy − 2
w¯(w2x + α
2w2y)
1 + |w|2 + i(uxwy + uywx),
(4.17)
uxx − α2uyy = 4iα2wxw¯y − w¯xwy
(1 + |w|2)2 .
Then for the topologial harge we obtain
QT = − i
2π
∫
R2
∫
wxw¯y − w¯xwy
(1 + |w|2)2 dx dy. (4.18)
The non-vanishing of the Poisson braket for the anonial variables w(x, y), w¯(x, y)
omes along as in (2.8):
{w(x, y), w¯(x′, y′)} = − i
2
(1 + |w|2)2δ(r− r′), r = (x, y). (4.19)
This allows to rewrite (4.1)-(4.2) in a transparently Hamiltonian form:
iwt = −1
2
(1 + |w|2)2 δH
δw¯
. (4.20)
Here H is the Hamiltonian of the form
H = H1 +H2, H1 = 2
∫
R2
∫
wxw¯x + α
2wyw¯y
(1 + |w|2)2 dx dy,
(4.21)
H2 =
1
4
∫
R2
∫
[α2u2x + u
2
y] dx dy,
and we assume in the ourse of the derivation of the equations for the model that the
following onditions, analogous to (4.13), are satised:
δux
δw¯
= − 4iwx
α2(1 + |w|2)2 δ(x−x
′) δ(y− y′), δuy
δw¯
= − 4iwy
(1 + |w|2)2 δ(x−x
′) δ(y− y′). (4.22)
Clearly, all three representations of the MI model, (4.1)-(4.2), (4.10) è (4.17) are
equivalent.
15
The reetion (w, w¯) → (p, q) an by given by relations q = − arctan(i(w − w¯)/(w + w¯)), p =
(|w|2 − 1)/(1 + |w|2).
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Notie also that, one an dene a "omplex extension" of the system (4.17) analogous
to the ones above. Letting formally w1 = w¯, one obtains,
iwt = wxx + α
2wyy − 2
w1(w
2
x + α
2w2y)
(1 + ww1)2
+ i(uxwy + uywx),
iw1t = −(w1xx + α2w1yy) + 2
w(w21x + α
2w21y)
(1 + ww1)2
+ i(uxw1y + uyw1x), (4.23)
uxx − α2uyy = 4iα2wxw1y − w1xwy
(1 + ww1)2
.
This system an be interpreted as a model of two oupled Ishimori magnets. Nontrivial
Poisson brakets follow from (4.19):
{w(x, y), w1(x′, y′)} = − i
2
(1+ww1)
2δ(r−r′), {w¯(x, y), w¯1(x′, y′)} = i
2
(1+w¯w¯1)
2δ(r−r′),
(4.24)
and the "topologial harge" of this model is
16
QT = − i
2π
∫
R2
∫
wxw1y − w1xwy
(1 + ww1)2
dx dy. (4.25)
The equations of motion (4.23) are Hamiltonian:
iwt = −1
2
(1 + ww1)
2 δH
δw1
, iw1t =
1
2
(1 + ww1)
2 δH
δw
, (4.26)
where
H = H1 +H2, H1 = 2
∫
R2
∫
wxw1x + α
2wyw1y
(1 + ww1)2
dx dy,
(4.27)
H2 =
1
4
∫
R2
∫
[α2u2x + u
2
y] dx dy,
and we suppose that
δux
δw1
= − 4iwy
α2(1 + ww1)2
,
δuy
δw1
= − 4iwx
(1 + ww1)2
,
(4.27a)
δux
δw
=
4iw1y
α2(1 + ww1)2
,
δuy
δw
=
4iw1x
(1 + ww1)2
.
Returning to (4.17), we introdue the omplex oordinates z = x+ iy, z¯ = x− iy, so
that ∂z = 1/2(∂x − i∂y), ∂z¯ = 1/2(∂x + i∂y), dx dy = (i/2)dz ∧ dz¯ and rewrite (4.18) and
(4.21) in terms of these variables.
i). Let α2 = 1, that is, the MI-I model is onsidered. In this ase we obtain:
16
In general, w1 6= w¯, thus QT an be non-integer and even omplex. Suh a situation, inluding an
interpretation of the quantity QT , should be onsidered separately.
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iwt = 4wzz¯ − 8 wzwz¯
1 + |w|2 w¯ − 2(wzuz − wz¯uz¯),
(4.28)
uzz + uz¯z¯ = 4
wzw¯z¯ − wz¯w¯z
(1 + |w|2)2 .
The topologial harge is given by
QT =
i
2π
∫ ∫
wzw¯z¯ − wz¯w¯z
(1 + |w|2)2 dz ∧ dz¯, (4.29)
and the Hamiltonian is
H = 2i
∫ ∫
wzw¯z¯ + wz¯w¯z
(1 + |w|2)2 dz ∧ dz¯ +
i
2
∫ ∫
uzuz¯ dz ∧ dz¯. (4.30)
ii). Let α2 = −1. We then have the MI-II model,
iwt = 2(wzz + wz¯z¯)− 4w
2
z + w
2
z¯
1 + |w|2 w¯ − 2(wzuz − wz¯uz¯),
(4.31)
uzz¯ = −2wzw¯z¯ − wz¯w¯z
(1 + |w|2)2 .
The expression for the topologial harge oinides with (4.29), and for the Hamiltonian
we have:
H = 2i
∫ ∫
wzw¯z + wz¯w¯z¯
(1 + |w|2)2 dz ∧ dz¯ −
i
4
∫ ∫
(u2z + u
2
z¯) dz ∧ dz¯. (4.32)
Notie also that the Hamiltonian of the MI-I magnet and its topologial harge are
related, as follows from (4.29) and (4.30), by the inequality of Bogomol'nyi, whih is a
lower estimate for the Hamiltonian taking into aount all the dynamial ongurations.
Namely,
H ≥ 4πQT . (4.33)
Comparing (4.29) and (4.32) one an see that for the MI-II model suh an estimate does
not exist.
). Hamiltonians and topologial harges for some of the simplest solutions.
17
Equations (4.1)-(4.2) an be interpreted as the ompatibility onditions for the follow-
ing overdetermined matrix systems on the funtion Ψ = Ψ(x, y, t):
Ψy =
1
α
SΨx, (4.34)
Ψt = −2iSΨxx +QΨx, (4.35)
17
Similar alulations were given in [29℄ for the ase of the modied MI and ertain other systems.
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where Q = uyI+α
3uxS+ iαSyS− iSx, Ψ = Ψ(x, y, t) ∈ Mat(2,C), S =
∑3
i=1 Siσi, σi are
the standard Pauli matries, I is the unit 2× 2 matrix. By the denition, the S matries
have the properties: S = S∗, S2 = I, detS = −1, Sp S = 0 (the asterisk stands for the
Hermitian onjugation).
For a future referene, let us provide an expression for the S matries in terms of the
w variable:
S =
(
|w|1−1
1+|w|2
2w¯
1+|w|2
2w
1+|w|2
− |w|2−1
1+|w|2
)
, (4.36)
and onsider some of the simplest examples of alulations.
1. Let α2 = −1 in (4.17), that is, the MI-II model is onsidered. As was shown in
[26℄, the onditions
wz¯ = 0, wz = 0, (4.37)
are then ompatible with (4.31). The rst and seond onditions here mean the presene
of instanton and anti-instanton setors, respetively, in the MI-II model. Consider the
instanton setor assuming that w(z) = ((z − z0)/λ)n [30℄18, where n ∈ Z+, λ ∈ C (the z0
and λ haraterize, respetively, the position and size of the instanton). A alulation by
the relation (4.39) gives:
QT =
i
2π
∫ ∫ |wz|2
(1 + |w|2)2 dz ∧ dz¯ = n, (4.38)
and H1 = 0 by (4.32). To nd H2, one has to know the funtion u. Using the seond
equation in (4.31) with wz¯ = 0 and returning to the Cartesian oordinates, we obtain
(z0 = x0 + iy0),
△u = −8λ2n [(x− x0)
2 + (y − y0)2]n
[λ2n + [(x− x0)2 + (y − y0)2]n]2 , (4.39)
whih implies that
19
u(x, y) = −8λ2n
∫
R2
∫
G0(x− x′, y − y′) [(x
′ − x0)2 + (y′ − y0)2]n
[λ2n + [(x′ − x0)2 + (y′ − y0)2]n]2 dx
′ dy′, (4.40)
where G0(x, y) = (1/2π) ln(x
2 + y2) is the Green funtion of the two-dimensional Laplae
operator. Thus, the energy of the instanton solution on the formal level is given by
20
H =
1
4
∫
R2
∫
(u2y − u2x) dx dy. (4.41)
The whole instanton setor is then split into disjoint lasses eah orresponding to the
relevant value of the QT quantity.
18
The hoie of a more general solution, say, in the form of the Belavin-Polyakov instanton (linear-
frational funtion with omplex poles) [2℄, unfortunately, signiantly ompliates the alulations.
19
The following integral an be simplied by a hange of variables and subsequent ontour integration,
but the remaining integral, apparently, annot be alulated expliitly.
20
Obviously, the Hamiltonian is positive in the domain where |uy| > |ux|.
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2. Let us onsider the MI-I model (α2 = 1) and show that instanton solutions exist in
there as well
21
,
22
. Indeed, for wz¯ = 0 the system (4.28) is redued to the following one,
wt = −2uzwz, uzz + uz¯z¯ = 4 wzw¯z¯
(1 + |w|2)2 . (4.42)
Dierentiating the rst relation in z¯, we obtain that uzz¯ = 0, whene the ompatibility is
ahieved if
uxx = 4
wzw¯z¯
(1 + |w|2)2 , (4.43)
or
u(x, y, t) = 4
∫ x
−∞
dx′
∫ x′
−∞
dx′′
|wz|2
(1 + |w|2)2 + f0(y, t)x+ c1, (4.44)
where c1 is an arbitrary onstant, and f0(., .) is an arbitrary funtion. For the instanton
solution w(z) of the same form as in the previous ase the number QT = 0 and the
funtion
u(x, y, t) =
4n2
λ2n
∫ x
−∞
dx′
∫ x′
−∞
dx′′
[(x′′ − x0)2 + (y − y0)2]n−1
[λ2n + (|x′′ − x0|2 + |y − y0|2)n]2 + f0(y, t)x+ c1. (4.45)
The expression for the Hamiltonian takes the form,
H = 4πn+
1
4
∫
R2
∫
(u2x + u
2
y) dx dy. (4.46)
3. Let us alulate the topologial harge and the Hamiltonian for a solution of the
form of a spiral struture. Namely, let S = (0, sin Φ1, cosΦ1), where Φ1 = δ0t + α0x +
β0y + γ0, α0, β0, γ0, δ0 ∈ R are parameters, that is, the solution is a two-dimensional
spiral struture [16℄; then, aording to (2.6) (see also (4.36)), w(z, z¯) = i tan(Φ1/2), Φ1 =
δ0t + αz + α¯z¯ + γ0, α = α0/2 + β0/(2i). It follows from (4.29) that QT = 0.
To determine the funtion u = u(x, y, t), one has to substitute the funtion w(z, z¯))
in the equations (4.28), (4.31), whih gives two linear equations for u. Assuming their
ompatibility and integrating, we nd (α2 = −1)[16℄:
u(x, y) = g0(y +
β0
α0
x) +
∫
s
g1(y(s
′) +
β0
α0
x(s′), t) ds′, (4.47)
where g0, g1 are arbitrary funtions suh that g0 is onstant on the harateristi y +
(β0/α0)x = const, and s is the harateristi taken to be the integration path.
Similarly, for α2 = 1 we have:
21
This is not surprising, albeit apparently went unnotied in the literature, given that in the "stati
limit" the MI-I model turns into the ellipti version of the nonlinear O(3) σ-model for whih the instanton
solutions were onstruted initially. Notie also that the model was solved by the inverse sattering
method in [31℄-[32℄.
22
From the viewpoint of the higher-dimensional inverse sattering method and the dressing proedures
for solutions, the harateristi variables ξ = (y−x)/2 and η = (x+ y)/2 [14℄, [15℄ are more natural than
z and z¯.
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u(x, y) = g2(y − β0
α0
x) +
∫
s1
g3(y(s
′)− β0
α0
x(s′), t) ds′, (4.48)
where g2, g3 are arbitrary funtions, and g2 is onstant on the harateristi s1 y −
(β0/α0)x = const.
The substitution w = w(z, z¯) in (4.30) and (4.32) (in both MI-I and MI-II ases)
leads to divergene of the Hamiltonian H1, and, therefore, that of the Hamiltonian H as
a whole, sine the funtional H2 is nite.
4. As was rst shown in [33℄ (see also [14℄, [16℄), in the reetionless setion of the
MI-II model the system (4.34)-(4.35) an be written in the form
Ψ˜z¯ = 0, Ψ˜t + 2iΨ˜zz = 0. (4.49)
In turn, the latter system has well-known polynomial solutions desribing vortex states,
(Ψ˜ = {Ψ˜ij}, i, j = 1, 2, Ψ˜22 = ¯˜Ψ11, Ψ˜12 = − ¯˜Ψ21)[33℄:
Ψ˜11(z, t) =
N1∑
j=0
∑
m+2n=j
aj
m!n!
(−1
2
z)m(−1
2
it)n,
(4.50)
Ψ˜21(z, t) =
M1∑
j=0
∑
m+2n=j
bj
m!n!
(−1
2
z)m(−1
2
it)n,
whereN1 is an integer,M1 = N1−1, aj, bj are omplex numbers, and the inner summations
run over all m, n ≥ 0 suh that m+ 2n = j. In partiular, in this simplest ase N1 = 1
it follows that
Ψ˜11 = a0 + a1z, Ψ˜21 = b0. (4.51)
Let us employ now a dressing (say, the Darboux dressing [16℄) relation for the matrix
S
23
, S˜ = Ψ˜S(1)Ψ˜−1, where S(1) is the initial solution of the system (4.1)-(4.2), assuming
that S(1) = σ3. This leads to the so-alled "one-lump" stationary solution, whih we
write here in terms of the stereographi projetion,
w(z, z¯) =
b¯0
a¯1(z¯ − z¯0) + d¯0
, (4.52)
where d0 = a0 − a1z0, z0 is the oordinate of the vortex enter on the omplex plan.
It is known [33℄, that QT = 1 for suh a solution. Let us alulate the funtion
u = u(x, y). In the ase under onsideration the seond equation in (4.31) is redued to
the following,
uzz¯ =
2|a1|2|b0|2
(|a1(z − z0) + d0|2 + |b0|2)2 . (4.53)
From this we nd
23
Its struture is idential, at least, for all the models of magnets treated here and all known methods
of their solutions.
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u(x, y) = 2|a1|2|b0|2
∫
R2
∫
G0(x− x′, y − y′) 1
(|a1(z′ − z0) + d0|2 + |b0|2)2 dx
′ dy′. (4.54)
Taking into aount that H1 = 0, we now obtain from (4.32) the Hamiltonian of the
one-lump solution in the form
H =
∫
R2
∫
(u2y − u2x) dx dy. (4.55)
The left hand side is positive in the planar domain where |uy| > |ux| in the same way as
in (4.41).
5. CONCLUSION
The results for the Ishimori magnet show, in partiular, that the Hamiltonians and
topologial harges annot always be alulated analytially even for the simplest so-
lutions, and numeris are required for spei Cauhy problems. In this respet, it is
espeially interesting, in our opinion, to hek the hypothesis [16℄ of possibility of a phase
transition in the model whih involves a hange of topology and symmetry properties of
the system.
Conerning the "extended" systems (2.12) and (4.23), we would like to point out that
if the initial systems are gauge equivalent to the nonlinear Shrodinger equation with an
integral nonlinearity [8,9℄ (the Davy-Stewartson-II model [5℄ in the IM-II ase), then it is
interesting and important to nd objets gauge equivalent to the extended systems.
Overall, the representations onsidered in this paper an, hopefully, be useful in study-
ing other (1+1) (and more realisti (2+1) and (3+1)) dimensional models of mag-
nets, σ-models and hiral elds, inluding nonintegrable ases.
The author is indebted to P. Kulish for support.
APPENDIX
We provide here an expression for a Lax pair for the system (2.12). First, dene the
funtion D = D(x, t) ∈Mat(2,C), x > 0, of the form
D(x, t) =
(
sr−1
1+sr
2s
1+sr
2r
1+sr
−sr−1
1+sr
)
. (A.1)
The matrix D has the following properties: D2 = I, Sp D = 0, det D = −1. However,
unlike the matrix S, it is not Hermitian. A straightforward alulation shows that (2.12)
is the ompatibility ondition for the following overdetermined linear system of equations:
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Ψx = − i
2
λDΨ, Ψt = (
λ
2
DxD +
i
2
λ2D)Ψ, (A.2)
where Ψ = Ψ(x, t, λ) ∈ Mat(2,C), λ = λ(x, t, u), u ∈ C. This means that the parameter
u plays the role of a "hidden" spetral parameter, so that the onditions
λx =
λ
x
, λt = −2λ
2
x
, (A.3)
or
λ =
x
2(t+ u)
, (A.4)
are fullled, and the matries D satisfy the equation
iDt =
1
2
[D,Dxx]− 1
x
DxD. (A.5)
Thus, we have a non-isospetral deformation of the assoiated linear system (the ase
of a single deformed Heisenberg magnet was onsidered in [8℄). Notie also that so far
the inverse sattering transform method has not been applied to suh systems at the full
sale.
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